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Power-law variations of small-angle neutron-scattering intensities from nonionic micellar solutions of isooc-
tylphenoxy polyethoxy ethanol~Triton X-100! in D2O for a range of concentrations~1–4 wt %! and tempera-
tures~295–335 K! are interpreted in terms of simple models of fractal aggregates. The results show a large
increase in dimensionality from;1 at ambient temperature to;2.3 near the cloud points. The variation of
fractal dimension with temperature is almost the same for the three concentrations studied. Thus one arrives at
a picture of micellar aggregates becoming more and more tenuous as cloud points are approached.@S1063-
651X~96!08305-5#

PACS number~s!: 82.702y, 05.401j, 64.70.2p, 61.10.Eq

An exhaustive set of small-angle neutron-scattering
~SANS! experiments from Triton X-100~isooctylphenoxy
polyethoxy ethanol, Aldrich! solutions in D2O covering a
wide range of concentrations~1–15 wt %! and temperatures
~295–335 K! was reported by us recently@1#. These solu-
tions show the well-known clouding phenomena@2# with a
lower consolute point in the phase diagram atfc;6 wt %
and temperatureTc;335 K. The clouding temperatures for
1, 2, 4, 8, 12, and 15 wt % solutions, the systems for which
SANS measurements were made, are 336.5, 336, 335, 335.5,
337, and 338 K, respectively. The measurements were made
at the Intense Pulsed Neutron Source at Argonne National
Laboratory, Argonne, Illinois, U.S.A., by using the small-
angle diffractometer~SAD! @3#.

SANS intensities in these experiments, especially for low
scattering vectorQ(,0.03 Å 21), show a significant in-
crease~see Figs. 1–3! as the temperature approaches the
cloud points@1#. For instance, in the case of 4 wt % solution
the intensity atQ;0.006 Å increases by one order of mag-
nitude as the solution temperature changes from 295 to 335.5
K. Baxter’s sticky hard sphere model@4# was used to com-
pute the intermicellar structure factor for interpreting the
temperature variation of SANS intensities; micelles were
modeled as oblate ellipsoids of revolution. This model de-
picts micelles as particles interacting via a short ranged~tem-
perature dependent! attractive potential@5,6# which is re-
sponsible for the clouding behavior. The temperature
dependent potential depthU0 , embedded in Baxter’s sticki-
ness parametert, was the only adjustable parameter in this
analysis. For solutions withf.fc , the model provided a
good fit. A linear variation of the potential depth — with a
value around 3KBTc at the lower consolute point — was
deduced from these analyses@1#.

For lower Triton X-100 concentrations, i.e., (f,fc), the
model was quite inadequate to explain the data. For example,
in the case of 1 wt % data, the model failed to show any
temperature variation of SANS intensity forT.313 K ~see
Fig. 1! whereas the experimental results indicated a threefold
increase atT;331 K ~for Q;0.006 Å21) in comparison to

the data at 313 K. This is not very surprising since micelles,
which have an aggregation number;145 and an effective
diameter of 75 Å@1#, are at a mean separation of 250 Å in
the 1 wt % solution. The short ranged interactions incorpo-
rated in Baxter’s model are therefore totally ineffective to
induce particle clustering needed to produce the buildup of
scattering intensities. Use of more detailed intermicellar po-
tentials@7#, liquid state theories, and polydispersity in micel-
lar size did not improve the results. These approaches as-
sume that density fluctuations@2,8–10# alone can account for
the buildup of scattering intensity. However, for Triton
X-100 surfactant — which has 14 carbon atoms in the hy-
drophobic part and an average of ten ethylene oxide units in
the hydrophilic chain — there is a possibility of micellar
growth @2,11–14# on increase of temperature. While growth
of micelles and critical fluctuations can be mixed together in
principle in data analysis, their separation would be quite
arbitrary. Therefore a simple alternate approach is necessary
to characterize the SANS data forf,fc .

We noticed that SANS intensitiesI (Q) in this regime
show a power-law variation~see Figs. 2 and 3! with respect
to Q for Q,0.03 Å21; for higher values ofQ they are
determined by the micellar form factor. In this paper, we
report the exponents (D) extracted from the power-law
variations,I (Q);Q2D, with the use of simple models of
structure factor of fractal aggregates and arrive at new con-
clusions regarding variation ofD as the cloud point is ap-
proached. It is known that correlated regions in several bi-
nary mixtures near their critical points have a fractal
structure@15#. Therefore it is plausible that the structure of
micellar aggregates — whether they arise out of growth or
density fluctuations — can be modeled with fractal concepts.
For the sake of completeness, we first recall the scattering
functions used in the analysis.

For monodisperse individual scatterers, of number density
n, the SANS intensity can be factored as@16#

I ~Q!5n^uF~Q!u2&S̄~Q!, ~1!

whereF(Q) is the single particle scattering function
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F~Q!5E
vp

@r~r !2rs#exp~ ıQ•r !dr . ~2!

Here,r(r ) andrs are, respectively, the scattering length den-
sities of the particle and solvent, andvp is the particle vol-
ume. The angular brackets in Eq.~1! indicate averages over
all particle orientations. The effective structure factorS̄(Q)
for an isotropic system can be expressed as@17#

S̄~Q!511
^uF~Q!&2

^uF~Q!u2&
@S~Q!21#, ~3!

whereS(Q) describes the center-of-mass correlations. The
prefactor^uFu&2/^uFu2& accounts for the orientation distribu-
tion of particles. For the present application, this approxima-
tion to S̄(Q) is adequate since the axial ratio of the ellipsoi-
dal micelle is around 2@17#. The variation of the above
prefactor because of the distribution in sizes and shapes, if
any, has been neglected. A generalization of the Ornstein-
Zernike formula for the center-of-mass structure factor is
@18#

S~Q!511
~S021!

~11Q2j2!D/2
. ~4!

Here,D is the dimensionality of the structure of the scatter-
ing units,S0 is the compressibility factor, andj is the cor-
relation length. Equations~1!–~4! together with a model for
the micelle form factor can be used to extract the dimension-
ality D. An alternate formula that can be used is the structure
factor for a fractal aggregate discussed in several papers
@19–22#:

S~Q!511AF j

r 0
GD G~D11!

~11Q2j2!~D21!/2

3
sin@~D21!arctan~Qj!#

~D21!Qj
. ~5!

The constantA;1 is an amplitude parameter@20,23# which
describes the packing of particles~of radiusr 0537.5 Å!, the
fractalD is the dimensionality of an average aggregate,j is
an exponential decay length@20,23# introduced to describe
finite clusters, andG(x) is the gamma function.j is
related to the radiusR of the average aggregate asR
5j@(D11)(D12)/2#1/2 @23#. That is,j has a similar mean-
ing in Eqs.~4! and~5!. Both Eqs.~4! and~5! yield a power-
law variationS(Q);Q2D for Q@j21; they reduce to the
Guinier form for Q!j21. Extended regular objects also
yield power-law decay in SANS intensity. In the absence of
a priori knowledge about their dimensionality, a first ap-
proximation would be to assume that they are also covered in
this formulation. For example, a long cylindrical aggregate
can be constructed out of small cylindrical units or a tortuous
two-dimensional sheet can be built up with a disc as the unit.

Modeling of scattering profiles over a limitedQ range
alone cannot provide an unambiguous picture of micellar
structure, let alone settle the issue of critical fluctuations
and/or micellar growth. Use of Eq.~1! which factors the
scattering intensity intoP(Q)(5^uF(Q)u2&) and S̄(Q) in
situations where both aspects are likely to be present — as in

FIG. 1. The absolute differential scattering cross section of 1
wt % Triton X-100 solution in D2O at 295 K~o!, 313 K (h), 323
K (3), 328 K (n), and 331 K (d) in the Q region<0.06 Å.
Between the fractal model~—! and Baxter’s model~- - -!, the
former fits the data well in the wholeQ region, while the latter fails
in the lowQ region.

FIG. 2. The absolute differential scattering cross section of 2
wt % Triton X-100 solution in D2O at 295 K~o!, 313 K (d), 323
K (h), 328 K (j), 330 K (3), 332 K (n), 334 K (m). The
solid lines are fits with the fractal model. Note that the data merge
atQ.0.03 Å for all temperatures.
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Triton X-100 solutions — is only a first approximation. The
minimal set of parameters@j, S0 , andD in Eq. ~4! and
A, j, andD in Eq. ~5!# extracted from the data are hoped to
provide the shape and extent of an average aggregate. In
particular, the variation ofD with temperature can yield
some insight into the evolution of solution structure, as we
will see later.

The basic unit used to build the fractal structure has been
assumed to be an oblate micelle. The detailed structure and
form factor P(Q) of this unit was obtained from 1 wt %
SANS data at 295 K and is given in the earlier paper@1#. For
the sake of completeness we recall that Triton X-100 mi-
celles can be modeled as a double shell oblate ellipsoid of
revolution. The inner core with axes 20 and 70 Å contains
the hydrophobic segments of the surfactant. The outer shells
of hydrophilic segments have axes 45 and 95 Å. The aggre-
gation number is around 145 and there are about 20 water
molecules per surfactant molecule in the outer shell. This
model of Triton X-100 is consistent with available results
from light scattering, x-ray, and NMR studies@24–26#.

The measured SANS intensities~or cross sections! to-
gether with the fits using the formulas discussed earlier are
shown in Figs. 1–3 for 1, 2, and 4 wt % solutions, respec-
tively. Both models ofS(Q) gave quite comparable results,
the solid lines in the figures are based on Eq.~5!. For clarity
of presentation and comparison with the results of Baxter’s
model ~dashed line!, data forQ,0.06 Å21 only are shown
in Fig. 1. In spite of their simplicity, the structure factor
models of fractals provide excellent agreement. This is fur-
ther elaborated in Figs. 2 and 3 where data from 2 and 4
wt % solution for seven temperatures are presented in loga-
rithmic scales. For the three concentrations, the parameter
j varied from 100 to 300 Å as temperature approached the
cloud points. These values must be taken as lower bounds of
correlation lengths since the power-law variation extends up

to the smallestQ;0.006 Å21 in the data. The compressibil-
ity factor,S0 in Eq. ~4!, increased from;2 at room tempera-
ture to ;100 near cloud points. The amplitude parameter
A — when Eq.~5! was used — remained nearly constant in
the range 0.4 – 0.5 except for the lowest temperature~295
K!, where it was in the range 0.2–0.3. Both models of
S(Q) showed thatD increases from a value close to
160.15 at low temperature to around 2.360.1 at the highest
temperature. Within experimental errors, the temperature de-
pendence ofj, S0 , andD is the same for the three concen-
trations, as seen in Fig. 4. Thus we find that the solution
structure remains more or less the same for concentrations
f,fc . Micellar aggregates, which have a linear structure at
room temperature~fractal dimensionD;1), are found to
become more and more tenuous as temperature is increased.
These findings together with the micellar model we have
used suggest that an average aggregate would be like a strip
of a ribbon~of thickness;45 Å! at room temperature. The
aggregates extend in both dimensions and become a tortuous
object near cloud points. It is interesting to note that this
behavior of the solution is independent of the surfactant con-
centration.

Some of the earlier investigations on micellar solutions
have given evidence of fractal structure@19,27,28#. We also
note that there exist growth models wherein a parameter can
be tuned to generate random fractals of a specified dimension
@29#. While these applications use fractal concepts to model

FIG. 3. The absolute differential scattering cross section of 4
wt % Triton X-100 solution in D2O at 295 K~o!, 313 K (d), 323
K (h), 328 K (j), 330 K (3), 332 K (n), 334 K (m). The
solid lines are fits with the fractal model. The behavior is similar to
that for 2 wt % solution.

FIG. 4. Temperature dependence of fractal dimension (D), cor-
relation length (j), and the compressibility factorS0 derived from
fractal model fits for Triton X-100 solution in D2O at 1 wt %~o!, 2
wt % (d), and 4 wt % (3).
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purely interparticle correlations, the present work shows
their usefulness in characterizing more complicated struc-
tures resulting out of growth and critical fluctuations.

A few conclusions emerge from this SANS study of Tri-
ton X-100 solutions:~i! models of structure factor of fractal
aggregates provide a simple way to characterize the solution
structure near the cloud points;~ii ! the nature of the aggre-
gates, more or less, remains the same for concentrations
f,fc , in particular, the variation ofj, S0 , andD with
temperature is the same for the three concentrations; and~iii !

it would be worthwhile to extend the measurements to lower
Q values so that the correlation lengths can be determined
accurately.
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